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Rubini and Determinants Classroom Activity

Instructions: Read the following excerpt from mathematician Raffaele Ru-
bini’s (1857) article “Application of the Theory of Determinants: Note,” then
complete “In class” problems 1 and 2.

About Rubini’s subscript notation: Rubini explained in a footnote that the
subscript n − 1 at the lower right corner of the first determinant below (and
two others in this excerpt) indicates that the matrix contains exactly n − 1
identical entries involving x along its main diagonal except possibly in its upper
left position. This matrix must therefore be an n × n matrix. For the second
determinant shown below (left side of equation (2)), the subscript n indicates
that the matrix contains exactly n identical entries involving x along its main
diagonal except possibly in its upper left position. Therefore, this matrix also
must be an n×n matrix. Looking ahead to equation (6), can you deduce which
one of the three matrices is an (n + 1) × (n + 1) matrix? (The other two are
n× n matrices.)

3. If we change hr,r to x, the same formulas will yield:∣∣∣∣∣∣∣∣
1 1 . . . 1
1 1 + x . . . 1
. . . . . . . . . . . . . . . . . . . . .
1 1 . . . 1 + x

∣∣∣∣∣∣∣∣
n−1

= xn−1; (1)

∣∣∣∣∣∣∣∣
1 + x 1 . . . 1
1 1 + x . . . 1
. . . . . . . . . . . . . . . . . . . . . . . . .
1 1 . . . 1 + x

∣∣∣∣∣∣∣∣
n

= nxn−1 + xn; (2)

[183] and changing in these formulas 1 + x to x, and therefore x to x − 1, we
will have: ∣∣∣∣∣∣∣∣

1 1 1 . . . 1
1 x 1 . . . 1
. . . . . . . . . . . . . . . .
1 1 . . . . . . x

∣∣∣∣∣∣∣∣
n−1

= (x− 1)n−1 =

∣∣∣∣ x 1
1 1

∣∣∣∣n−1

; (3)

∣∣∣∣∣∣∣∣
x 1 1 . . . 1
1 x 1 . . . 1
. . . . . . . . . . . . . . . .
1 1 1 . . . x

∣∣∣∣∣∣∣∣
n

= +n(x− 1)n−1 + (x− 1)n. (4)
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... According to formula (3) [formula (10) in Rubini’s article] we have:∣∣∣∣ x 1
1 1

∣∣∣∣m ∣∣∣∣ x 1
1 1

∣∣∣∣n =

∣∣∣∣ x 1
1 1

∣∣∣∣m+n

; (5)

and from the comparison of formulas (4) and (3) [formulas (11) and (10) in
Rubini’s article] results:∣∣∣∣∣∣∣∣

x 1 1 . . . 1
1 x 1 . . . 1
. . . . . . . . . . . . . . . .
1 1 1 . . . x

∣∣∣∣∣∣∣∣
n

=

∣∣∣∣∣∣∣∣
1 1 1 . . . 1
1 x 1 . . . 1
. . . . . . . . . . . . . . . .
1 1 1 . . . x

∣∣∣∣∣∣∣∣
n

+ n

∣∣∣∣∣∣∣∣
1 1 1 . . . 1
1 x 1 . . . 1
. . . . . . . . . . . . . . . .
1 1 1 . . . x

∣∣∣∣∣∣∣∣
n−1

.

(6)
[Formula (6) is formula (15) in Rubini’s article.]

Example: ∣∣∣∣ 3 1
1 3

∣∣∣∣
2

=

∣∣∣∣∣∣
1 1 1
1 3 1
1 1 3

∣∣∣∣∣∣
2

+ 2

∣∣∣∣ 1 1
1 3

∣∣∣∣
1

,

which could also be written as:∣∣∣∣ 3 1
1 3

∣∣∣∣
2

− 2

∣∣∣∣ 1 1
1 3

∣∣∣∣
1

=

∣∣∣∣∣∣
1 1 1
1 3 1
1 1 3

∣∣∣∣∣∣
2

.

In class:

Mathematician(s): Date:

Complete the first problem using Laplace expansion and the second problem
using the method presented in the excerpt.

1.

∣∣∣∣∣∣
1 1 1
1 7 1
1 1 7

∣∣∣∣∣∣ 2.

∣∣∣∣∣∣
1 1 1
1 4 1
1 1 4

∣∣∣∣∣∣
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